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Abstract 

In this paper, we study the regularized mean curvature flow starting from a 
G-invariant hypersurfaces in a Hilbert space equipped with an isometric and free 
action of Hilbert Lie group G whose orbits are minimal regularizable subman- 
ifolds. First we obtain the evolution equations for some geometric quantities 
along the regularized mean curvature flow. Next, by using the evolution equa- 
tions, we prove a strictly horizontally convexity preservability theorem for the 
regularized mean curvature flow. 



1 Introduction 

R. S. Hamilton ([Ha]) proved the existenceness and the uniqueness (in short time) of 
solutions satisfying any initial condition of a weakly parabolic equation for sections of 
a finite dimensional vector bundle. The Ricci flow equation for Riemannian metrics 
on a fixed compact manifold M is a weakly parabolic equation, where we note 
that the Riemannian metrics are sections of the (0,2)-tensor bundle T^'^M of M. 
Let ft (0 < t < T) be a C°°-family of immersions of M into the m-dimensional 
Euclidean space R m . Define a map F : M x [0, T) -> R m by F(x,t) := f t (x) 
((x,t) € M x [0, T)). The mean curvature flow equation is described as 

dF 

~dt = At/ *' 

where A$ is the Laplacian operator of the metric g% on M induced from the Euclidean 
metric of M m by ft- Here we note that At ft is equal to the mean curvature vector of 
ft- This evolution equation is a weakly parabolic equation, where we note that the 
immersions fts are regarded as sections of the trivial bundle M x 1R" 1 over M under 
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the identification of ft and its graph immersion idM x / : M — > M x E m (idM : the 
identity map of M). Hence we can apply the Hamilton's result to this evolution 
equation and hence can show the existenceness and the uniqueness (in short time) 
of solution of this evolution equation satisfying any initial condition. In this paper, 
we consider the case where the ambient space is a (separable infinite dimensional) 
Hilbert space V. Let M be a Hilbert manifold and ft (0 < t < T) be a C°°-family of 
immersions of M into V. Assume that ft is regularizable, where "regularizability" 
means that, for each normal vector v of M, the shape operator A v is a compact 
operator, and that the regularized trace Tr,.^ of A v and the trace Tr A 2 of A 2 V 
exist. Denote by Ht the regularized mean curvature vector of ft- See the next 
section about the definitions of Tr r A v and H t . Define a map F : M x [0, T) — > V 
as above in terms of /t's. We call / t 's (0 < t < T) the regularized mean curvature 
flow if the following evolution equation holds: 

dF 

(i.i) » = a;/«. 

Here A£/ t is defined as the vector field along f t satisfying 

(A r J t ,v) := ^((V^O, ■),«>* (VveV), 

where V* is the Riemannian connection of the metric gt on M induced from the 
metric ( , ) of V by ft, ((V*<ift)(-, •), v )" is the (1, l)-tensor field on M defined by 
gt(((V t dft)(;-),v)i(X),Y) = <(V*4f t )(X,Y),t;) (X, Y € TM) and Tr r (-) is the reg- 
ularized trace of (•). Note that A^f t is equal to H t . In general, the existenceness 
and the uniqueness (in short time) of solutions of this evolution equation satisfying 
any initial condition has not been shown yet. For we cannot apply the Hamilton's 
result to this evolution equation because it is regarded as the evolution equation 
for sections of the infinite dimensional vector bundle M x V over M. However we 
can show the existenceness and the uniqueness (in short time) of solutions of this 
evolution equation in special case. In this paper, we consider a isometric free action 
of a Hilbert Lie group G on a Hilbert space V whose orbits are regularized minimal, 
that is, they are regularizable submanifold and their regularized mean curvature 
vectors vanish. Let M(c V) be a G-invariant submanifold in V whose image by the 
orbit map of the G-action is compact, and / the inclusion map of M into V. We 
first show that the regularized mean curvature flow starting from M exists uniquely 
in short time (see Proposition 3.1). In particular, we consider the case where M is a 
hypersurface. The first purposes of this paper is to obatin the evolution equations for 
various geometrical quantities associated with the regularized mean curvature flow 
starting from such an invariant hypersurface. (see Section 3). The second purpose 
is to prove a maximum principal for an evolution equation related to a G-invariant 
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symmetric (0, 2)-tensor fields StS on a Hilbert manifold M equipped with an isomet- 
ric free Hilbert Lie group action G such that M/G is a finite dimensional compact 
manifold (see Section 4). The third purpose of this paper is to prove a strictly hor- 
izontally convexity preservability theorem for the regularized mean curvature flow 
starting from the above invariant hypersurface by using the evolution equations in 
Section 3 and imitating the discussion in the proof of a maximal principal in Section 
4 (see Section 5). From this theorem, we can derived the strictly convexity preserv- 
ability theorem for the mean curvature flow in a complete Riemannian manifold by 
G. Huisken ([Hu2]) in the case where the ambient space is a compact Riemannian 
reductive homogeneous space whose isometry group is compact and semi-simple. 

2 Basic notions and facts 

Let ft (0 < t < T) be a one-parameter C°°-family of immersions of a manifold M 
into a (finite dimensional) Riemannian manifold N, where T is a positive constant 
or T = oo. Denote by Ht the mean curvature vector of ft- Define a map F : 
M x [0,T) -> TV by F(x,t) = f t (x) {(x,t) £ M x [0,T)). If, for each t € [0,T), 
dF 

-7^- = H t holds, then f t (0 <t <T) is called a mean curvature flow. 

Let / be an immersion of an (infinite dimensional) Hilbert manifold M into a 
Hilbert space V and A the shape tensor of /. If codimM < oo and A v is a compact 
operator for each normal vector v of /, then M is called a Fredholm submanifold. 
In this paper, we then call / a Fredholm immersion. Furthermore, if, for each 
normal vector v of M, the regularized trace Tr r A v and Tr A 2 V exist, then M is 

oo 

called regularizable submanifold, where Tr r A v is defined by Tr r A v := ^ (fif + fi~) 

i=i 

{l^i < A*2 — ' ' ' — ^ — ' ' ' — ^2 — '• ^ ne spectrum of A v ). In this paper, we then 
call / regularizable immersion. If / is a regularizable immersion, then the regularized 
mean curvature vector H of / is defined by (H,v) = Tr r A v (Vt) € T^M) , where 
( , ) is the inner product of V and T^M is the normal bundle of /. In particular, 
if / is of co dimension one, then we call the norm \\H\\ of H the regularized mean 
curvature function of /. 

Let ft (0 < t < T) be a C^-family of regularizable immersions of M into 
V. Denote by Ht the regularized mean curvature vector of ft. Define a map F : 
M x [0,T) -> V by F(x,t) := f t (x) ((x,t) G M x [0,T)). If <f = H t holds, 
then we call ft (0 < t < T) the regularized mean curvature flow. It has not been 
known whether the regulalized mean curvature flow starting from any regularizable 
hypersurface exists uniquely in short time. However its existence and uniqueness (in 
short time) is shown in a special case (see Proposition 3.1). 
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3 Evolution equations 



Let G rx V be an isometric free action with minimal regularizable orbit of a Hilbert 
Lie group G on a Hilbert space V equipped with an inner product ( , }. Since each 
fibre is regularizable, the orbit space V/G is a finite dimensional manifold. Denote 
by 4> '■ V — > V/G the orbit map and N the orbit space V/ G. Here we give an example 
of such an isometric free action of a Hilbert Lie group on a Hilbert space. 

Example. Let G be a compact semi-simple Lie group and K a closed subgroup of 
G. Denote by q and f the Lie algebras of G and K, respectively. Assume that a 
reductive decomposition = f + p exists. Let B be the Killing form of q and g 
the bi-invariant metric of G induced from B. Let H°([0, l],fl) be the Hilbert space 
of all paths in the Lie algebra g of G which are L 2 -integrable with respect to B. 
Also, let i^ 1 ([0, 1], G) the Hilbert Lie group of all paths in G which are of class H 1 
with respect to g. This group H l ([Q,l],G) acts on H ([0, l],fl) isometrically and 
transitively as a gauge action: 

(g*u)(t)=Ad G (g(t))(u(t)) - (R^ 1 (g' '(*)) 
(geH\[0,l],G), ueH°([0, 1], )), 

where Ad G is the adjoint representation of G and R g M ^ s the right translation by g(t) 
and g' is the weak derivative of g. Set P(G, {e}xK) := {g € H 1 ([0,l],G)\(g(0),g(l)) G 
{e} x K}, where e is the identity element of G. This group P(G, {e} x K) acts on 
H°([0, freely and isometrically, and the orbit space of this action is diffeomor- 
phic to G/K. Furthermore, each orbit of this action is a minimal regularizable 
submanifold. 

Give N the Riemannian metric such that is a Riemannian submersion. Let M(c 
V) be a G-invariant submanifold in V and set M := (f>(M). Let / be an inclusion map 
of M into V and / that of M into N. Let f t (0 < t < T) the mean curvature flow 
starting from /. According to Lemma 3.2 of [Hu2], / t 's (0 < t < T) are embeddings 
because / is an embedding. Set M t := f t (M). Define a map F : M x [0, T) — > N by 
:= G M x [0,T)). Take lelandue Define a curve 

c x : [0,T) -> N by Ca; (t) := 7 t (ar) and let (c x )^ : [0,T) ->• V be the horizontal lift of 
c x to u. Define an immersion /[ : M H- V by = {c x )^{t) [u G M) and a map 

F : M x [0,T) -> y by F(u,t) = f t (u) ((u,t) G M x [0,T)). Since / t 's (0 < i < T) 
are embeddings, /t's (0 < t < T) also are embeddings. Set M t := ft(M). 

Proposition 3.1. The flow f t (0 < t < T) is the regularized mean curvature How 
starting from f. 
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Proof. Denote by Ht the mean curvature vector of f t and Ht the regularized mean 
curvature vector of ft- It is clear that <fi ° ft = ft ° 4>o- Hence H t coincides with the 
horizontal lift h\ of H t . From the definition of F, we have 



.^(«,t) = ((Cx)«)'(t)=(-^(^t)] ^ = (#*)« = (#*)«■ 

Thus /t (0 < t < T) is a regularized mean curvature flow. It is clear that fo = f. 
This completes the proof. q.e.d. 

Assume that the codimension of M is equal to one. Denote by H (resp. V) 
the horizontal (resp. vertical) distribution of 4>. Denote by pr^ (resp. prp) the 
orthogonal projection of TV onto % (resp. V). For simplicity, for X G TV", we 
denote pr^(A) (resp. prp(X)) by (resp. Xy). Define a distribution % t on M by 
ft*((Ut) u ) =Jt*{T u M)r\U Mu) (u G M) and a distribution V t on M by / t *((V t )„) = 
/t»(T tt M)nV /tW (n G M). Note that V t 's (/ G [0,T)) coincide. Let g u h u A u H t 
and £t the induced metric, the second fundamental form, the shape tensor and the 
regularized mean curvature vector and the unit normal vector field of ft , respectively, 
and g t ,ht,A t , H t and £ t the corresponding quantities of f t . The group G acts on M 
through /(. Since (f> : V — > V/G is a G-bundle and T~L is a connection of the bundle, 
it follows from Proposition 3.1 that this action is independent of the choice of t. It 
is clear that quantities gt, h t , A t and H t are G-invariant. Also, let V* (resp. V ) the 
Riemannian connection of gt (resp. g t ). Let -km be the projection of M x [0, T) onto 
M and itjj that of M x [0, T) onto M. For a vector bundle E over M, denote by 
it* M E the induced bundle of E by ttm- Also denote by T(E) the space of all sections 
of E. Define a section g of tt^(T( ' 2 )M) by g(u,t) = (g t ) u ((u,t) G M x [0,T)), 
where T( ' 2 )M is the (0, 2)-tensor bundle of M. Similarly, we define a section h of 
7r^(T(°' 2 )M), a section A of tt^ (T^M), a map : M x [0,T) -> TV, a map 
£ : M x [0, T) — >■ TV, sections g,h of tt^T^M), a section A of tt^T^^M), 
maps 77 : M x [0, T) ->• TN and f : M x [0, T) ->• TN. We regard if and f V- 
valued functions over M x [0, T) under the identification of T u V's (u G V) and V. 
Define a subbundle % (resp. V) of ir* M TM by %( U)t ) := {%t)u (resp. V( U)t ) := (V t ) u ). 
Denote by pr^ (resp. pr v ) the orthogonal projection of ir* M {TM) onto % (resp. 
V). For simplicity, for X G Tt* M (TM), we denote pr-^(X) (resp. pr v (A)) by X% 
(resp. A v ). The bundle ir* M (TM) (resp. ^(TM)) is regarded as a subbundle of 

— dB 
T(M x [0,T)) (resp. T(M x [0,T))). For a section B ofir* M (T^M), we define — 

fdB\ dB (ut) 

by — — := — ^- LjL , where the right-hand side of this relation is the derivative 
V 9t J (U)t) dt 
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of the vector- valued function t >->■ B^ u ^ (g T^f'^M). Also, we define a section 
of it* m (T^)M) by 

-B-^ = (pr w (g) • • • ® pr^) oi? o (pr w <8> • • • ® pr w ) . 

(r— times) (s— times) 

The restriction of B^ to H x ■ ■ ■ x W (s-times) is regararded as a section of the 
(r, s)-tensor bundle H.^''^ of %. This restriction also is denoted by the same symbol 
Bn . For a tangent vector field X on M (or an open set U of M) , we define a section 
X of tt* m TM (or vr^TMlc/) by X {u>t) := X u ((u,t) G M x [0,T)). Denote by V the 
Riemannian connection of V. Define a connection V on ir* M TM by 



V x y := V5fY(. )t) and V A F : 



dy 



(«,•) 



at 

dy„ +1 

for X G r (Ujt) (M x {t}) and V G r(vr^TM), where -g J is the derivative of 

the vector- valued function t i— >■ YL^ (G T u M). Define a connection of T~L by 
V^y := {V X Y) H for X G T(M x [0,T)) and Y G r(ft). Similarly, define a 
connection V v of V by V^Y := (V ' X Y) V for X G T(M x [0,T)) and Y G T(V). 
First we shall show the following evolution equation for g. 

Lemma 3.2. The induced metrics (gu)t satisfies the following evolution equation: 



= -2\\H\ 



dt 

where \ \H\ \ := ^gJWJT). 

Proof. Take X, Y G T(TM). We have 

d d d d 

<!,H (X,Y) = g- t 9n(X,Y) = -g(X H ,Y H ) = —(F*X U , F*? u ) 

a -{X H F),Y H F) + (X n F, §- t (Y n F)) 

(f)F\ B / f)F\ B 

—J + [- tl X H ]F,Y H F) + {X H F,Y H (^— J + [—,Yy]F) 

= (X n (\\H\\0,Y n F) + (X n F,Y n (\\H\\0) 

= -\\H\\g(AX H ,Y H ) - \\H\\g(X n ,AY n ) = -2\\H\\h n (X, Y), 

d - d - 

where we use [— , Xy] G V and [— , Yy] G V. Thus we obtain the desired evolution 

equation. q.e.d. 
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Next we show the following evolution equation for £. 



Lemma 3.3. The unit normal vector Gelds £t satisfies the following evolution equa- 
tion: 

^ = -F,(grad fl ||ff||), 

where grad fl ( | \H\ |) is the element of tt* m {TM) defined by d\\H\\(X) = g(grad g \\H\\,X) 
for any X € ir* M (TM). 

Proof. Since = 1, we have = 0. Hence ^ is tangent to ft(M). Take 

any (uo, *o) G M x [0, T). Let {ej}^ 1 be an orthonormal base of T UQ M with respect 
to 0(1*0, to)- B y tne Four i er expanding || | t=to , we have 



t=t 



, /t *( e i|t=to))/to*( e i|t=to; 



9* 



t=t 



>/to*( e 



i |t=to > 



t=t 



)/*0*( e i U=to ) 



t=tn 



= ~y~! (&o 1 e« ^ ^ ) /t * (e, | t=to ) 

= ~ y~l(&o> (ei-fz r )|t=t )/t *(ej| t=to ) 

= -H(ei||^ll)|t=to/to*(ei|t=to) 

= ~ S 5 'o fe rad <?i 1 1^*0 1 1' ^ l*=*o)/*o* (eiU=t ) 
= -/ to *(grad flto ||iT to ||) = -F*(grad fl ||#||)| t=to 

d 

on U, where we use [o - ,^] = 0. Here we note that means lim YlieS k (')i as 

Sk ■= {i I >l}(ke N). In particular, we obtain (§)(„ , to ) = -(F*((grad g ||iI||)) (u0ito) . 
This completes the proof. q.e.d. 

Let a C°°-family St (0 < t < T) of a (r, s)-tensor fields on M and S a section of 
tt^T^M) defined by S (ut) := (5 t )„. We define a section A^S of n* M {T^^M) 
by 

(A w S) (tt>t) :=^V ei V ei 5, 
i=l 

where V is the connection of / K* M (T^ r,s ^ M) (or 7r^(T^ r ' s+1 ^M)) induced from V and 
{ei,--- ,e n } is an orthonormal base of H( Uj t) with respect to (gn)(u,t)- Also, we 



7 



define a section AySy of %( r ' s ) by 

n 
i=l 

where is the connection of T-L^ r ' s ^ (or %( r > s+1 )) induced from and {ei, • • • , e n } 
is as above. Let A* be the section of T*V ® T*V ® TV defined by 

4^:=(v^)v + (Vx/v)ii (x,y e ry). 

Also, let be the section of T*V <g> T*V <g> TV defined by 

Also, let A be the section of T*M <g> T*M <g> TM defined by 

:= (V^y % ) v< + (V^ ( F Vt )% (^,y € TM). 

Also let .4 be the section of tt* m (T*M <g> T*M ® TM) defined in terms of A's 
(* G [0, T)). Also, let 7J be the section of T*M <g> T*M <g> TM defined by 

(7i)xy := (v^y v J% + (v^y % ) Vi (x,y g tm). 

Also let T be the section of ir* M (T*M ® T*M ® TM) defined in terms of Tt's (i G 
[0,T)). Clearly we have 

F,(AxY) = Ai, x F.Y 

for 1,7 and 

F^Ty/X) = Tp^ w F*X 

for X G % and W £ V. Let £ be a vector bundle over M. For a section S 1 of 
ir* M (T^M ®E),we define Tr*^ S{- ■ ■ , i, ■ ■ ■ ,*,•••) by 

n 
i=l 

((u, t) G Mx [0, T)), where {e±, • • • , e n } is an orthonormal base of H(u,t) with respect 

to (gu)(u,t)i S(- • • ,«,•••) means that • is entried into the j-th component and 

the A;-th component of S and Sr Ujt \(- ■ ■ > ^, • • • ) means that ej is entried into 

the j-th component and the k-th component of S( Uj q . 
Then we have the following relation. 

8 



Lemma 3.4. Let S be a section of ^(T^ ' 2 ) M) which is symmetric with respect 
to g. Then we have 

(A H S) H (X,Y) = (A H S H )(X,Y) 

-2Tr' g J(V.S)(A.X,Y)) - 2Tr' gn ((V. S)(A.Y, X)) 
-Tr* gn S(A.(A.X), Y) - Tr* gn S(A.(A.Y),X) 
-Tr; n S((V.A).X,Y) -Tr; n S((V.A).Y,X) 
-2Tr' gn S(A.X,A.Y) 

for X, Y G %, where V is the connection of ^^(T^'^M) induced from V. 

Proof. Take any (uo, to) € M x [0, T). Let {ei, • • • , e n } be an orthonormal base of 
^(«o,to) with res P ect to i.9n)(u ,t )- Take any 1,7 6 %(u ,*<>)■ Let ^ be a section of ^ 
on a neighborhood of (uo,io) with X/ UOjto ) = X and (V^XV UO)to ) = 0. Similarly we 
define Y and e t . Let W = X, Y or e,. Then, from (V^W) (uoA)) = 0, (V ei W% , to) = 
A ei W and the skew-symmetricness of A\u x Ui we can show 



(A w s) w (x,y) = ^(v e ,v ei s)(x,y) 
i=i 

n n 

= £(V*V£S W )(X,Y) -2j2((V ei S)(A ei X,Y) + (V et S)(A e Y,X)) 
i=i i=i 

- ^ (5(4(4*), Y) + 5(4(47),!)) 
i=i 

n 

- E (5((v e ^) ei x, y) + 5((v e ^) e y, x)) 
i=i 

n 

-2j2S(A ei X,A ei Y), 
i=i 

which is equal to the right-hand side of the relation in the statement. This completes 
the proof. q.e.d. 

Also we have the following Simons-type identity. 

Lemma 3.5. We have 

A n h = Vd\\H\\ + \\H\\(A\ - (Tr (A 2 ) n )h, 

where (A 2 )^ is the element of V^T^M) defined by (A\{X,Y) := g(A 2 X,Y) 
(X, Y G 7T* M TM). 
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Proof. Take X, Y, Z, W £ ir* M (TM). Since the ambient space V is flat, it follows 
from the Ricci's identity, the Gauss equation and the Codazzi equation that 

(VxV Y h)(Z, W) - (V z V w h)(X,Y) 
= (V x V z h)(Y,W) - (V z V x h)(Y,W) 
= h(X, Y)h(AZ, W) - h(Z, Y)h(AX, W) 

+h(X, W)h(AZ, Y) - h{Z, W)h(AX, Y). 

By using this relation, we obtain the desired relation. q.e.d. 
Note. In the sequel, we omit the notation for simplicity. 

Define a section K of ir* M (U(°' 2) ) by 

K(X,Y) := Tr' gH h(A.(A.X),Y) + Tr' gn h(A.(A.Y),X) 

+Tr gH h((V.A).X,Y) + Trl H h((V.A).Y,X) 
+2Tr* H (V. h)(A.X,Y) + 2Tr' gH (V.h)(A.Y,X) 
+2Tr' gn h(A.X, A.Y) (X,Y € U). 

By using Lemmas 3.3, 3.4 and 3.5, we can show the following evolution equation. 

Theorem 3.6. The second fundamental forms {hy)t satisfies the following evolution 
equation: 

^f(X,Y) = (A H h H )(X,Y) - 2\\H\\((A H fUX,Y) - 2\\H\\((Af) 2 UX,Y) 
+Tr ((A n ) 2 - ((Af) 2 ) n ) h n (X, Y) - TZ(X, Y) 

forX,Y e H. 

Proof. Take X, Y G %{u,t)- Easily we have 

(3.1) AX = A H X + Afx, 
and 

(3.2) (A 2 ) n X = (A H ) 2 X - (Ap 2 X, 
where we use 

( V**) _ = (%w + [w, e]) _ = (%w) ~ = AW 
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for W G r(V) because of [W,f] € T(V). Also, since 



d_ 
di 



G V, we have 



(3.3) 



9 X ' 



2\\H\\Alx n . 



From Lemma 3.3, (3.1), (3.2) and (3.3), we have 

^(X,Y) = l(h n (X,Y)) = j t (h(X Hl Y H )) = ^X H {Y H F)) 
d 



,d, 



{-±,X H {Y H F)) + {£, - {X n (Y H F))) 



dt 



= -{F*(gr a d g \\H\\),V x F*Y n ) + (£,X[ Y H 

+«,*([| 
= -g{&aA g \\H\\,VxY< H ) + X{Y H \\H 



dF 
~dt 







-\\H\\(S,V X F.(A(Y H )) 

= (Vd\\H\\){X,Y) - \\H\\h n (X,A H Y) + \\H\ \h(X, A^Y) + 2| \H\\h(Afx, Y) 
= (Vd\\H\\)(X,Y) - \\H\\g H ((A H ) 2 X,Y) - 3\\H\\g((Af) 2 X, Y) 

From this relation and the Simons-type identity in Lemma 3.5, we have 
dh n 

(3.4) 



. }/ A H h-2\\H\\{(A H y) i -2\\H\\{(A*y) i 
+Tr {{A-nf - ((Ap 2 ) n ) h H . 



Substituting the relation in Lemma 3.4 into (3.4), we obtain the desired relation, 
q.e.d. 

By using Lemma 3.2, we can show the following relation. 

Lemma 3.7. Let X and Y he local sections of % such that g(X,Y) is constant. 
Then we have g(V a_X,Y) + g(X,V a_Y) = 2\\H\\h(X,Y). 

dt dt 

Proof. From Lemma 3.2, we have 

l i g(X,Y) = ^(X,Y) +9{ Ve i X,Y) + g { X,Ve i Y) 

= -2| \H\\h(X, Y) + 5 (V aX, Y) + g(X, VaY). 



at 



at 



On the other hand, we have ^g(X,Y) = 0. Therefore we obtain the desired relation, 
q.e.d. 
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Next we prepare the following lemma for TZ. 



Lemma 3.8. For X, Y € %, we have 

K(X,Y) = 2Tv' gn (((AtX,At(A n Y)) + ((AtY, At(A n X))) 
+2Tr' gn U{AtX,A Y {A H .)) + ({AtY,Ai{A H .))^ 
(3.5) +2Tr^ (((V.^F, A*X) + ((V.A^X, A*Y) ^ 

+ Tr '« (((V.^).X,^y) + ((V.A%Y,Afx)) 

+2Tr g JT* t J,AtY), 

where we omit F*. 

Proof. Take e,X,Y € %. Easily we have 

(V e h)(A e X,Y) = e((AtX,AfY)) - h(A e (A e X),Y) 
{ '' -h((V e A) e X,Y)-h(A e X,A e Y). 

On the other hand, by simple calculation, we have ((VeA^xOy = ~ (C^eA^)^X)^. 
By using this relation, we can show 

(3.7) e({A*X, AfY)) = ((V e A*) e X, A*Y) + ((V e A^Y, AfX) + h(A Y A x e, e). 
Also, by simple calculations, we have 

h(A e (A e X),Y) = -(AtX,Af(A n Y)) 
,„ R s h(A Y (A x e),e) = (A*X,A Y (A H e)}, 

[ ' h((V e A) e X, Y) = ((VeA^eX, AfY), 

h(A e X,A e Y) = -(V'j+x&AtY). 

From (3.6), (3.7) and the relations in (3.8), we have the desired relation. q.e.d. 

Also, we prepare the following lemma. 
Lemma 3.9. For X,Y,Ze H, we have 

2<Tt A xZ) = ~(A X Z, (V X A^Y) + (A X Z, (V Y A^X). 
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Proof. Fix (uo, to) € M x [0, T). Let X be an element of T(H) satisfying -X"( uo ,t ) = X 
and (V^X)( no fo ) = 0. Let Y and Z be similar elements of T(7i) for Y and Z, 
respectively. At (uo,<o), we have 

(^z,<(^«^)> = -<^,y Y (v^) - Y^ A xOl 

= -{A* x Z z V x (Vy£) + V [y , x] £ - V y (AU)) 
= (A* X Z, V X (AY)) - 2{A X Z, V <x 

(3 - 9) +{A+ X Z, {VyA+)xO - (A x z/a x (AY)) 

= (A X Z,A Y {A H X)) - (A X Z, (V x A*)yO 
-2{A x Z,T*, x + (A X Z, {V Y A+)xt), 

where we use {V u X) {uoM) = (V w F) (u0i<o) = (V n Z) {uoA)) = 0. Also we have 
(A X Z, (V x A+)yS) = ~{A X Z, (V X A^Y) 

and 

(A X Z, (V Y A*)xO = -(A X Z, (VyA^X). 
Form (3.9) and these relations, we obtain the desired relation. q.e.d. 

Lemma 3.10. For X € H, we have 

K(X,X) = 4TrlJAtX,At(A H X)) + 4TrlJAtX,A x (A H .)) 

+3Tr' gn ((V.A^X, AtX) + 2Tr* w ((V.A+).X, A*X) 
+Tr* gH (A*X,{VxA+)p) 

and hence 

Tr- *(.,.) = <>. 



Proof. These relations follow from the relations in Lemmas 3.8 and 3.9 directly, 
q.e.d. 

By using Theorem 3.6 and Lemmas 3.7 and 3.10, we can show the following 
evolution equation. 

Corollary 3.11. The norms \\H t \\ of H t satisfies the following evolution equation: 
= An \\ H \\ + \\H\\Tr(A n ) 2 - 3||F||Tr((4) V 
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Proof. Fix (uo, to) £ M x [0, T). Take a local orthonormal frame field {e±, ■ ■ ■ ,e n } 
of TL over a neighborhood J7 of (no, to) consisting of the eigenvectors of A-^, where 
the orthonomality means one for g. Since the fibres of 4> are regularized minimal 

n 

Fredholm submanifolds, we have = h{ei,ei) on U. Clearly we have 



i=i 



(3.10) = (^(Ci.ei) + 2h n (Ve_e i ,e i ) 

i=i ^ 

On the other hand, it follows from Theorem 3.6 that 



i=i 

n 



where we use ^2(A^h-u)(ei,ei) = Au\\H\\ and Tr* w ??.(•,•) = (by Lemma 3.10). 

i=i 

Since each ei is an eigenvector of An, we have /i(e«, ej) = (i ^ j). By using Lemma 
3.7, we can show 

n n 

(3.12) J^MVaei.eO = J>(V a e i; e^/ifo, e,) = ||F||Tr(^) 2 . 

i=i i=i 

From (3.10), (3.11) and (3.12), we obtain the desired relation. q.e.d. 

By using Lemmas 3.2, 3.6 and 3.7, we can show the following evolution equation. 

Corollary 3.12. The quantities Tr^-^) 2 satisfies the following evolution equation: 

9Tr{ £ n)2 = A w (Tr(^) 2 ) - 2TrTr' H (V«^ o V?A H ) 
+2Tr((^) 2 ) (Tr((A n f) - Tr((^) 2 ) w ) 
-4||2T||Tr [((Aff)oA n ) - 2Tr- gn K(A H .,.). 



Proof. Fix (no, to) £ M x [0, T). Take a local orthonormal frame field {e±, ■ ■ ■ , e n } 
of T-L over a neighborhood U of (no, to) consisting of the eigenvectors of From 
Lemma 3.2, we have 

= -2||iJ||^(^x,y)+^(^(x),y) 
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for any X, Y E n* M TM. Since {ei, • • • ,e n } consists of the eigenvectors of Ay, it 
follows from Lemma 3.7 that 

(3.14) g(V JL e i ,e i ) = \\H\\h(e i ,e i ). 

dt 

From these relations, Lemmas 3.2 and 3.7, we have 
(3.15) 

i=i 

2 = 1 ^ 

= X] ( -gf( A H e U e i) + gu((—Q^(ei), Ayei) + 2\\H\\h(ei,ei)h n (A n ei,ei 



i=l 



^(l^iAye^e^ + MlHMiAnfe^eA. 

i=l 



Also we have 



n 



(3.16) Y^ihyhy^Aye^ei) = ±A n Tr({A n ) 2 ) - TrTr^ (V^°V%) . 

j=i 

From Theorem 3.6, (3.15) and (3.16), we obtain the desired relation. q.e.d. 
By using Corollaries 3.8 and 3.9, we can show the following evolution equation. 

Corollary 3.13. The quantities Tr (Ay) 2 — U^U- satisfies the following evolution 
equation: 

^2_M|]^ / ii CT „2> 



9(Tr (^ - / IWV 2 M Hllffl 
= A w (lt(A w ) -__j+-||grad||ff| 

+2Tr(^) 2 x (tt{A h ) 2 - 



2 



\ n 
-2TrTr^ (V H ^ o V W A W ) 

-2Tr((^) 2 ) K x fTr(A K ) 2 ■ 



n 



4||i7||(Tr((^) 2 o(^-M id ) 



9U 



-2Tr'„,Tl [ [Ay- ^^id l • . • 



7Z '- ; ' 1 1 - i ■ 



n 
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where grad| \H\ \ is the gradient vector field of\\H\\ with respect to g and | |grad| \H \ \ \ 
is the norm of grad||i7|| with respect to g. 

Proof. This relation follows directly from Corollaries 3.8, 3.9 and A-^||i?|| 2 = 
2||fl'||A w ||fl'|| + 2||grad||F|||| 2 . q.e.d. 

Remark 3.1. From the evolution equations in Corollary 3.11 ~ 3.13, the evolution 
equations for the corresponding geometric quantities of ft(: M V/G) are derived, 
respectively. These derived evolution equations coincides with the evolution equa- 
tions obtained by Huisken [Hu2], where we note that Huisken [Hu2] treat the mean 
curvature flow in a complete Ricmannian manifold in general. Namely the discus- 
sion in this section give a new proof of the evolution equations in [Hu2] in the case 
where the ambient space is equal to V/G. 

4 A maximum principle 

Let M be a Hilbert manifold and gt (0 < t < T) a C°°-family of Riemannian metrics 
on M and G rx M & free action on M such that G-action is isometric with respect to 
gt and that the orbit space M/G is compact. Let Tit (0 < t < T) be the horizontal 
distribution of the G-action. Let ttm be the natural projection of M x [0, T) onto 
M. For a tangent vector field X on M (or an open set U of M), we define a section 
X of ir* M TM (or tt* m TM\u) by X {x ^ t) := X x ((x,t) G M x [0,T)). Denote by V* 
(0 < t < T) the Riemannian connection of gt- Define a connection V of n* M TM 
by (V x Y) {x>t) = {V X Y) X and V a_X = V = for X, Y G T(TM). Define 

a subbundle H of ir^TM by T~i{ x ,t) := (Ht)x- Define a connection of Ti. by 
V^y = pr n (V x Y) for any X G T(M x [0, T)) and any Y G T(H), where pv H is the 
orthogonal projection of ir* M TM onto U. Denote by r(vr^T( r ' s )M) the space of all 
sections of ^(T^ M). Let B G T^T^^ M) We define maps Vb® and ^ B 
from r(vr^T( r ' s )M) to r(7r^T( r + ro > s+s °)M) by 

^b®(5) :=B®S, and iI>q B (S) := S ® B (S £T(ir* M T^M), 

respectively. Also, we define a map V®* of T(tt* m T^M) to r(7r^T( fer ' fcs )M) by 

:= S ® • • • <g> 5 (fc-times) (5 G T(tt* m T^M). 
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Also, we define a map ip gHtij (i < j) from T(tt* m T ( - ^ M) (or T(tt* m T^M)) to 
T(7r* M T^ s -^M) (or r( 7 r^r'( 1 > s - 2 )M)) by 

(^3«,ij('S , ))(a:,t)(^l> • • • )^s-2) 
n 

: = ^ ^u^O^i) " ' j Xi-i, efc, • • • , e^, • • • , X,_ 2 ) 

fc=i 

and define a map from T(tt* m T^M) to r^T^^M) by 

where X, G T X M (i = 1, • • ■ , s — 1) and {ei, • • ■ , e„} is an orthonormal base of {Jit) x 
with respect to g t . We call a map P from T(ir* M T( Q > s "> M) to oneself given by the 
composition of the above maps of five type a map of polynomial type. 

In this section, we prove the following maximum principle for a C°°-family of 
(0, 2)-tensor field on M. 

Theorem 4.1. Let S G T{tt* m {T^ M)) such that, for each t G [0,T), S t (:= S ( . >t) ) 
is a G-invariant symmetric section of T^ ' 2 ) M . Assume that St (0 < t < T) satisfy 
the following evolution equation: 

(4.1) ^ = AuSu + V%S n + P(S) n , 

where X G T(TM) and P is a map of polynomial type from T(tt* m (T^ ^ M)) to 
oneself. 

(i) Assume that P satisfies the following condition: 

X€Ker(S H ) {Xit) P(S\ Xtt) (X, X) > 

for each S G T(tt* m (T^M)) and each (x,t) G M x [0,T), Then, if (S n )(.,o) > 
(resp. > 0), then (Sn\.,t) > (resp. > 0) holds for all t G [0,T). 

(ii) Assume that P satishes the following condition: 

X G Ker(5„) (X)t) => P(S) (x , t) (X, X) < 

for each 5 G r(7r^(T( > 2 )M)) and each (x,t) G M x [0,T). Then, if (%) ( ., ) < 
(resp. < 0), then (S^)^) < (resp. < 0) holds for all t G [0,T). 

Proof. We shall show that, if {S n ) ( . fi) > 0, then {Sn\.,t) > holds for all t G (0,T) 
in the statement (i) . Note that the remained statement in the statement (i) and the 
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statement (ii) also are shown similarly. For positive numbers e and 5, we define S £> s 

by (S £ ,s)( x ,t) ■= S(x,t) + e(£ + t)9{ x ,t)- 

(Step I) In this step, we show the following statement: 

(*) 3 5 > s.t. "((S £ ,s)u)( x ,t) > (V(s,t) G M x [0,«5),V £ > 0)". 

Suppose that such a positive number (5 does not exists. Fix a sufficiently small 
positive number 5. For some £o > 0, there exists (xo,to) G M x [0,6) such 
that ((Seo^^fxojto) > does not hold. Here we take to as smally as possi- 
ble. We have Ker((S £o>5 ) n )( Xo ,t ) + {0} and ((S eo , s ) t )n t > (Vi G [0,t ]). Take 
v\ G Ker((S £0; s)u)(xo,to)) with <7(vi, vi) = 1. From the assumption for P, we have 



(4.2) 



p ((S £o ,s)(x ,to)){vi,vi) > 0. 



Since P is of polynomial type, M/G is compact and St is G-invariant, there exists 
a positive constant C$,t (depending on only \\S%\\ and ||(<S , e ,5)wll) sucn that 



(4.3) 



\\(P(S £0 ,s))n - (P(S))n\\ < C Stt \\(S eo ,s)H ~ S u \\ 



on M x {t} for each i G [0, T), where || • || is the pointwise norm of a tensor field 
(•). We take Cs,t as smally as possible. Since P is of polynomial type, lim^+o Cs,t 
exists and lim^+o C$t > 0. Denote by Ct this limit. Fix T\ G (to,T). Set 



Cs ■= max < 



max Cs,t, 
o<t<n 



max 

(x, t)€M x [0, Ti] 
v G TM s.t. g t (v,7;) = 1 



(x,t) 



(v,v) 



and 



max < 



max Ct, 
0<t<Ti 



max 

(x,t) G M x [0,Ti] 
v G TM s.t. 5t(u,t;) = 1 



dgn\ 
dt ) 



(x,t) 



(v,v] 



Since C is independent of the choice of 5, we may assume that C6 < | by replacing 
6 to a smaller positive number if necessary. Furthermore, since 5 >->• Cs is upper 
semi-continuous, we may assume that C5J < | by replacing S to a smaller positive 
number if necessary. From (4.2) and (4.3), we have 



(4.4) 



P(S) {x0tto) (v 1 ,v 1 )>-2C s e 6. 
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Let X\ be a section of % on a normal neighborhood U of (xq, to) in M x [0, T) such 
that (Xi)t Xf) to \ = v\ and that \7^X± = at (xo,to). Define a function p on £7 by 
p(x,t) := (S eo ,s){ x ,t)(( x i)(x,t)^( x i)(x,t)) € f7). Since we take (x ,i ) and v x 

as above, we have (§f)(x ,<o) — ^ (see Fig. 1). Also, we have 

(^Wo) = (^jf)(x ,to)(vi,vi) + e (5 + t )(^ L ) {xo ,t )(vi,v 1 ) +e . 
Hence we have 

(4.5) (^f)(x ,t ){vi,v 1 ) < -e {5 + t )(^-) {x0)to) (v 1 ,v 1 ) - e . 

Take w G T Xo (Mx{to}). Clearly we have dp( XOtto )(w) = 0. Also we have dp( XOjto )(w) = 
(^w( S eo,s)H)(x ,t )(vi,vi). Hence we have 

(4-6) {^(S eOtS ) H \ XOjtQ) (v 1 ,v 1 ) = 0. 

Clearly we have (A* pt ) Xo > 0, where A* is the Laplacian operator with respect 
to g to . Also, we have (A* p tQ ) XQ = (A H (S £(hS )u)( v i, v i)- Hence we have 

(4.7) (A n (S £(hS )n)(vi,vi)>0. 

From the evolution equation in the statement, (4.5), (4.6) and (4.7), we have 



( 48 ) p ( s )(x ,to)( v ii v i) ^ -£o + e (S + t ) 

< -e + 2e C s 6. 



(-gf)(xo,to)( v ^ v l) 



From (4.4) and (4.8), we have C$8 > \. This contradicts C$5 < \. Therefore the 
statement (*) is true. 

(Step II) Let 5 be a positive number as in the statement (*). Then, for any 
(x,t) G M x [0,6) and any e > 0, we have ((S £ ^)n)(x,t) > 0- Hence we have 
\im Q {(S £ , s )n)(x,t) = (Sn)(x,t) > for any (x,t) G M x [0,6). Set 

Ti := sup{ti | (Su\ x ,t) > (Vt G [0,ti], Vx G M)}. 

Suppose that Ti < T. Then, by the similar discussion for (S'^)(. j r 1 ) instead of 
(5''h)(-,o); we can show that (Sft)r xt \ > for any £ G \T\,T\ + (5'] and any x G M, 
where (5' is some positive number. This contradicts the definition of T\. Therefore 
we have T\ = T. Thus we obtain > for any t G [0, T). This completes the 

proof. q.e.d. 
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The graph of p 




Fig. 1. 

Remark 4-1- The constant C$ in this proof corresponds to the constant C in the 
proof of Theorem 9.1 in [Ha]. 

Similarly we obtain the following maximal principle for a C°°-family of G- 
invariant functions on M. 



Theorem 4.2. Let p be a C 00 -function over M x [0, T) such that, for each t G [0, T), 
Pt('= p{-,t)) is a G-invariant function on M. Assume that p t (0 < t < T) satisfy 
the following evolution equation: 

^ = A H p + dp(X ) + P(p), 

where X G T(TM) and P is a map of polynomial type from C°°(M x [0,T)) to 
oneself. 

(i) Assume that P satisfies the following condition: 

P(x ,to) = => P{p)( X0 ,t ) > 

for each p G C°°(M x [0,T)). Then, if p > (resp. > 0), then p t > (resp. > Oj 
hoids for all t G [0, T). 
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(ii) Assume that P satisfies the following condition: 

P(x ,t ) = => P(p)( X0 ,t ) < 

for each p € C°°{M x [0,T)). Then, if p < (resp. < 0), then p t < (resp. < OJ 
holds for all t £ [0,T). 

5 Strictly horizontally convexity preservability theorem 

Let G r\ V be an isometric free action with minimal Frcdholm orbit of a Hilbert Lie 
group G on a Hilbert space V equipped with an inner product ( , } and <\> : V — >■ V/G 
the orbit map. Denote by V the Riemannian connection of V. Assume that V/G 
is compact. Set n + 1 := dimVyG 1 . Let M(c V) be a G-invariant hypersurface 
in V such that 4>(M) is compact. Let / be an inclusion map of M into V and 
ft (0 < t < T) the regularized mean curvature flow starting from /. We use the 
notations in Section 3. In the sequel, we omit the notation / t * for simplicity. Set 

L := max _ \{A+ Xl {(V x *A+)xsX A ), X 5 )\, 
(x u - ,x 5 )enl 

where Hi ■= {X G T-L\ \\X\\ = 1}. Note that L exists because of the compact- 
ness of V/G. In this section, we prove the following strictly horizontally convexity- 
preservability theorem by using results stated in Section 3 and the discussion in the 
proof of Theorem 4.1. 

Theorem 5.1. If M satisfies \ \H \ | 2 (/i^)(. j0 ) > 2n 2 L(^)(. i0 ), then T < oo holds 
and \\H t \\ 2 (h n ) { . :t) > 2n 2 L(g H ) ( . >t) holds for all t G [0, T). 

Proof. Since ^ is skew-symmetric, we have 

(5.1) Tr((^) 2 ) w < 0. 

From Corollary 3.11, Tx(A H ) 2 > and (5.1), we have 



/ n d\\H\\ ,, ,, llifll 3 

5.2 JLJi > Aw pf + ii-li-. 

at n 

Define a function p over [0,T) by p(t) := min \\H t \\. Form (5.2), we have ^ > ^p 3 . 
Also we have p(0) > by the assumption. Hence we obtain T < 2p ^o)' 2 1 
1 2n 2 L 

Set 5 := jjjj-jj ^ — ||^-|| 3 g and S Ej $ '■= S + e(<5 + t)(/, where e and 5 are positive 
constants. We shall show the following statement: 
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(*) 3 5 > s.t. (S £ ,s) {x , t) > (V(x,t) € M x [0,5), Ve > 0). 

Take 1,7 GW. By using Lemma 3.2, Theorem 3.6, Corollary 3.8 and Lemma 3.10, 
we can show 

= — (A H h H )(X,Y) - 2{(A n )\(X : Y) - 2((Ap 2 UX,Y) 
(5.3) -pfp (AwII^H - 2||^||Tr((4) 2 ) H - 4n 2 L) ^(X,y) 

1 -TZ{X, Y) + e 5w (X, F ) - 2e(S + t)\\H\\h n (X,Y) 



\\H\ 
3n 2 L 

Also, we have 



(A n \\H\\ + \\H\\Tr(A n f - 3\\H\\Tr((Ap 2 ) n ) 9h{X,Y) 



(V* adm] (Se,8)H)(X,Y) = l (V^ dim h n )(X,Y) 



(5-4) - " B ,rr 2 "" h(X,Y) 



\H\ 

||grad||ff|||| 2 



3?i 2 T 

+ W¥ \\g^A\\H\\\\ 2 g{X,Y) 



and 



(A H (S £j5 ) H )(X,Y) = -L.(A n hH)(X,Y) - ^(V% adim h H )(X,Y) 

(5.5) (2||grad||ff|| || 2 - \\H\\A H \\H\\) h H (X,Y) 

3t7 2 T 

+ WW ( " 4||grad||i711 1,2 + ll^l^ll^ll) 9H(X,Y). 
From (5.3), (5.4) and (5.5), we have 

(5 . 6) = An(S e ,sMX,Y) + j^(V^ dim (S e>s )n)(X,Y) 

+P(S e ,sMX,Y), 
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where P(S £j s) is defined by 



1 



P(S e , s )(Z, W) := -2((A n )%(Z, W) - 2((Ap 2 ) t (Z, W) - -^n{Z, W) 



|#||3 I V rt / ||-H"|| 2 

+ £ffw (Z, - 2e(5 + t)||# \\h n (Z, W) 

for Z,W G ir* M TM. Suppose that a positive number 5 as in (*) does not exist. 
Fix a sufficiently small positive number 5. For some e$ > 0, there exists (xo,io) G 
M x [0,5) such that ((<Se ,<s)'H)(xo,to) > *-* does not hold. Here we take to as smally 
as possible. We have Ker((S £0 , s ) n )( X0 ,t ) + {0} and ((S £(h s)l)u t > (Vt G [0,t ]). 
Take X G Ker((S £o , 5 ) w ) (:r0)to) ) with = 1. Since 



2n 2 L 



KX,Y)= [ - e (5 + t )\\H\\) g(X,Y) (V7 G W), 



we have 

/ 2n 2 L 

A ** = n^- £ o(<5 + to)||^||)^ 



Vll^ll 2 

For simplicity, we set Ai := pfp — £o(^ + *o)||-ff 1 1- By using the first relation in 
Lemma 3.10, we have 

fin 2 T 1 9n 2 r 

P(S £0)5 ) W (X,X) = ^f^Mu? + |p?||grad||ff|| || 2 

-2((4) 2 ) fl (X, X) - + 2 £o (<5 + to)) Tt((,4|) 2 ) w 

+PfiK t <(V.^).XMlO+e. 

Hence, since Tr(^ w ) 2 > MUi, ((^|) 2 ) B (X, X) < 0, Ti((A$) 2 )n < and the defini- 
tion of L, we have 

P(S £0 ,s) H (X,X) > ^ Tr^(^.,^(^.)) 

(5.8) 11^ 



\H\ 



Tr'{Atx,At(A H X)). 
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Since A%X = X\X, X € Ker(iSft)(„ 0jto ) and (S^W^o) > 0, we see that Ai is the 
smallest eigenvalue of Ay_. Let {Aj \i = 1, • • ■ , n} (Ai < ■ ■ ■ < A n ) be the set of 
all eigenvalues of A^. Let {ei, • • • , e n } be an orthonormal base of T( no to )M with 
e\ = X and A-^ei = \e\ (i = 2, • • • , n). Then we have 

PI^M*.,^**)) " j^Tr- gn (AtX,At(A n X)) 

A n 

From (5.8) and this inequality, we obtain P(S £Qj s)k(X, X) > 0. By using this fact, 
we can deduce a contradiction by imitating the discussion of (Step I) in the proof 
of Theorem 4.1. Hence we see that (*) is true. Furthermore, by using (*), we can 
show that (S-h)/.^ > holds for all t G [0, T) by imitating the discussion of (Step 
II) in the proof of Theorem 4.1. q.e.d. 



6 Concluding remark 

Let G/K be a compact Riemannian reductive homogeneous space whose isometry 
group G is compact and semi-simple, where we give G/K the metric induced from 
the Killing form B of the Lie algebra g of G through the reductive decomposi- 
tion of g. Here we note that G/K is of non-negative curvature. Let H°([0, l],$j) 
and i7 1 ([0, 1],G) be as in Example of Section 3. This group // 1 ([0, 1],G) acts on 
H°([0, l],fl) isometrically and transitively as a gauge action. Set P(G, {e} x K) := 
{g € fl^QO, 1],G) | (g(0), g(l)) £ {e} x K}, where e is the identity element of G. 
This group P(G, {e} x K) acts on i/°([0, l],fl) freely and isometrically, and the or- 
bits of this action are minimal regularizable submanifolds. Also the orbit space of 
this action is isometric to G/K. Denote by (f> the orbit map of this action, which 
is a Riemannian submersion. Let M(c G/K) be a hypersurface in G/K and / the 
inclusion map of M into G/K. Set M := <j)~ l {M) and / the inclusion map of M into 
-ff°([0, l],g). Then / : M ^ H°([0, l],g) is a P(G, {e} x K)-invariant hypersurface. 
Let ft (0 <t <T) be the mean curvature flow starting from / and ft (0 <t <T) the 
regularizable mean curvature flow starting from /. Then we have ft o </>|^ = 4>° ft- 
Hence we can derive the strongly convexity preservability theorem by G. Huisken 
(see [Hu2, Theorem ?]) from Theorem 5.1. Here we note that Huisken [Hu2] treats 
the mean curvature flow in a complete Riemannian manifold in general. 
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